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General
variables [FF' P in physics

After Kato, S. et al. 2008, “Black-Hole Accretion Disks”

In highly energetic astronomical systems, such as accretion disks, matter and
radiation are often coupled to each other. Matter emits or absorbs radiation,
while radiation gives (or removes) energy and momentum to (or from) matter.
The behavior of radiation interacting with matter is known as radiative transfer.
In this appendix we summarize the basic equations of radiative transfer in the

Newtonian regime.

1.1 Radiation Fields

In astrophysics the theory of radiative transfer has been developed in the
fields involving the stellar atmosphere. In this appendix we only consider a
minimum of the concepts of radiative transfer. More general and detailed
treatments can be found in many textbooks (e.g., Chandrasekhar 1960; Miha-
las 1970; Rybicki and Lightman 1979; Mihalas and Mihalas 1984; Shu 1991;
Peraiah 2002; Castor 2004).

(a) Specific intensity and other quantities

Lem=2 sr=! Hz7Y, is the radiation

The specific intensity, I,(r,l,t) [erg s~
energy carried off by the rays per unit time, unit area, unit solid angle, and

unit frequency. By integrating the specific intensity over the frequency dv, we

obtain the total intensity I(r,l,t) as

I:/ Idv. (1.1)
0

Integrating the specific intensity I, multiplied by the direction cosine vector
I, over a solid angle dQ) (and frequency), we obtain quantities describing the

radiation fields and their frequency-integrated forms, as follows:

E, = 1140, E = [E,dy,
F, = [L1dQ, F = [F,dvy, (1.2)
P = Lrpivaa, P = [Pidy,

where E, (F) is the radiation energy density, F',, (F') the radiative flux, and

P (PY) the radiation stress.!

(b) Blackbody radiation
Under thermodynamic equilibrium, the specific intensity becomes a Planck
distribution (blackbody):

2h V3

1 =B,(T) ==
v(r L 1) /(1) c? exp(hv/kgT) — 1’

(1.3)

where T is the blackbody temperature, ¢ (= 2.9979 x 10*° cm s~1!) the speed
of light, h (= 6.6261 x 10727 erg s) the Planck constant, and kg (= 1.3807 x
1016 erg K™') the Boltzmann constant.

In this case, for example, the frequency-integrated intensity I and the radi-

ation energy density F become, respectively,

I(r,1,t) = B(T) = %O'Tél, (1.4)

E(r,t) = %B(T) =aT?, (1.5)

LOften used are the mean intensity J,, the Eddington flux H,, and the mean pressure
stress K,,. They are related to the one-dimensional components of E,, F!, and P,’ by
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where o (= 5.6705x 1075 erg s~' em~2 K~?) is the Stefan-Boltzmann constant 1.2.2 Moment Equations
and a (= 7.5660 x 10715 erg cm~3 K~?) is the radiation constant; o = ac/4.

) We often take moments of the transfer equation, since it has too much infor-
Furthermore, at the surface of a blackbody radiator, such as a star or an

mation to directly solve.? Integrating the transfer equation (1.8) over a solid

accretion disk, the outward radiative flux ' becomes . L .
angle, we obtain the zeroth moment. Integrating it over a solid angle, after be-

F(r,t) =nB(T) = oT% (1.6) ing multiplied by the direction cosine, we obtain the first moment. The zeroth
and first moments of equation (1.8) are, respectively,
O0E, OFF , abs
1.2 Equations of Radiative Transfer o T ok ~° (G = er3Ey) (1.9)
LOF; ORF g e
We first derive the basic equations describing the behavior of the radiation 2 o + ok —fF v (1.10)

fields interacting with matter. The former corresponds to the energy conservation of radiation with the en-

ergy exchange with matter, whereas the latter corresponds to the momentum

conservation of radiation with the momentum loss to matter.

1.2.1 Transfer Equation
Moreover, integrating equations (1.8), (1.9), and (1.10) over the frequency,

A change in the specific intensity is expressed by the transfer equation, which we obtain a frequency-integrated transfer equation and its moment equations:

is equivalent to the Boltzmann equation for matter.

101 j —sca C
By means of the mass emissivity (i.e., emissivity per unit mass) j, [ergs™! g1 sr= Hz 1], PN +-V)I = p (471- — kil + Ky 47TE> ) (1.11)
the mass absorption coefficient (i.e., absorption cross-section per unit mass) x, OE  OF*
. —abs
[em? g7 (= K25 4+ k58 where k2P is for the true absorption and k5 for ot " opk P (J — R E) (1.12)
scattering), the transfer equation is expressed as 1 OFt 9Ptk T
2o "ok T Tt (1.13)
1 6IV (l) 1 . abs
¢ ot + (- V)LL) = Epj” — pry, 1 (1) where
*pﬂica/ff’v(lvl')fv(l)dﬂ'+P”Svca/qsv(lal/)fu(l/)dﬁla (1.7) Jo= /J'ud% (1.14)
1
where ¢, (,1') is the scattering probability function ([ ¢,dQ2 = 1). R = Vi / (mibs + K3 Idv, (1.15)
If the scattering is isotropic, ¢, = 1/4w and the transfer equation (2.3) 1
—abs _ = absE d 1.16
becomes K - E Ry B al, (1.16)
1 8[ 1 C sca — 1 sca
- v [ v/ Iu - 'V _ abs sca [1/ SC&*EV. 1.8 RE = f/lil/ El,dlj’ (117)
car TV L= pge = p (KD + R L+ oyt (1.8) E
This equation is an integro-differential equation on I,,, and generally too diffi- Rp = yai (KEPS + K5) Flidv. (1.18)
cult to obtain precise solutions. 2For matter we usually use the hydrodynamical equations instead of the Boltzmann equa-

tion.



It should be noted that
i P abs sca 7 _ 1 = i
rad = (k2P + K3 Fldy = E;mFF (1.19)

is the radiative force per unit volume, acting on matter.

1.2.3 Closure Relation (Eddington Approximation)

The zeroth-moment equation (1.9) contains the radiative flux, which is de-
termined by the first-moment equation (1.10). Furthermore, the first-moment
equation (1.10) contains the radiation stress, which is determined by the second-
moment equation. This means that in order to solve the moment equations we
need some relation to close the sequence. As a closure relation, we often adopt

the Eddington approximation:

P = 5 Ev (1.20)

This approximation is valid when the radiation fields are almost isotropic.

In the case of a flat-disk configuration, this relation holds with good accuracy
in an optically thin regime as well as in an optically thick one.® In general cases
of a two-dimensional configuration, such as geometrically thick disks, however,
this relation would not be adequate in an optically thin regime, and alternative

closure relation is necessary (see section D.3).

1.2.4 Rosseland Approximation

When the medium is sufficiently optically thick, as well as the radiation
isotropy, we may use the diffusion approzimation (Rosseland approximation).

In an optically thick regime local thermodynamic equilibrium (LTE),

ju = 4wk B, (T), (1.21)

31n the spherical case PJ™ = E,,, while all other components vanish in an optically thin
regime.

3

holds, while equation (1.9) can be approximated as j, = ck®*E, as long as

the radiation intensity is a slowly varying function of space and time. Hence,

47

B 84 A
T oe

E,
3

B, and PY = B,. (1.22)

In the steady state, from equation (1.10), we thus obtain

o c opik
Yo p(sgbs A+ kget) Ozt
47 0B, 0T

T 3p(kas £ ksea) OT Ot (123)

This means that the radiation energy is transported by an isotropic diffusion
of photons.

Integrating equation (1.23) over the frequency, we obtain

/ 1 9B, .
kAP + ksea OT 0B,

47
F=|F,dv=—-——VT dv. 1.24
/ V=3,V /8Budy ar (1.24)
oT
Since 0B d d (1 4
“dv=— [ Bydv=— ( —oT*| = —oT? 1.2
/aT”dT ”dT<7r”> 70 (1.25)
we finally obtain a frequency-integrated radiative flux,
4acT?
F=-"_vr, (1.26)
3ERp
where kg is the Rosseland mean opacity:
/ o 1 0B, d
—_ v
1 Jo rEbs+ ks 9T
KRR 8Bl, dv
o OT

Equation (1.26) is often called a radiative conduction equation, where the ef-
fective ‘conductivity’ is 4acT?/3kgrp, which is inversely proportional to the

opacity.



The Rosseland mean opacities for free-free and bound-free absorptions, kg

and Kp¢, are approximately expressed by Kramers’ law:

kg = 3.68 x 102gg(X +Y)(1+ X)pT~ /% em® g

~ 6.24% 10257772 cm2g (1.28)
fpp = 4.34 x 102 (goe /) Z(1 + X)pT~7/? cm? g !

~ 1.50 x 10%p777/2 em2 g ', (1.29)

where gg and gps are the mean Gaunt factors, of order unity, for the free-free
and bound-free transitions, respectively, ¢ is the guillotine factor of order unity,
and X, Y, and Z are the abundances of hydrogen, helium, and metal, respec-
tively (Morse 1940; Schwarzschild 1958). In the low metalicity case the free-free
absorption dominates the bound-free one, while the bound-free absorption will
dominate the free-free one in the high metalicity case (Schwarzschild 1958).

In addition, the electron scattering opacity is given by

Fes = 0.20(1+ X) em2g ' ~04 cm?g . (1.30)

1.2.5 Source Function

When the transfer equation (1.8) is expressed as

13[1,
c Ot

+ (- V)1, =p (K + &) (S, — 1), (1.31)

the source function S, is introduced as

1 o sca
S, =— (7” 4+ L E,,> . (1.32)

Kabs + gsca \ A 4

In the case of the local thermodynamic equilibrium (LTE), the source func-

tion (1.32) becomes

1 sca
S, = (m?,bSB,,+CK” El,>

abs sca
KPS 4 K5 4n

= (1 —AV)BV+AViEy, (1.33)

where
sca

K
A, =—"— (1.34)
Hgbs + K?’ca
is the single scattering albedo.
In terms of this source function, for example, equation (1.8) and (1.9), and

(1.10) with the Eddington approximation (1.20) are, respectively, reexpressed

as
LWL = p () (S L), (1.35)
0126;; é%f? _ _MF (1.37)

1.3 Optically Thick to Thin Regimes

The Eddington approximation (1.20) as a closure relation holds when the

radiation field is nearly isotropic.*

In the optically thin regime, or in the
case where the anisotropy of radiation becomes important, we should carefully
treat the Eddington approximation.® Indeed, in the particular configuration
of plane-parallel flat disks, the Eddington approximation (1.20) holds, but it
would be violated in general configurations. In this part, we briefly show the

treatment in such general cases.

1.3.1 Variable Eddington Factor

Generalization of the Eddington approximation (1.20) is useful in semi-
analytical cases,
PV = fipE, (1.38)

4The Rosseland approximation holds when the medium is sufficiently optically thick and
the photon mean-free path is sufficiently smaller than the typical scale, and when the velocity
gradient is sufficiently small and the local diffusion is isotropic.

5In the relativistic regime, where the flow speed is on the order of the speed of light, we
also carefully treat the closure relation. See appendix E.



where f% is the Eddington tensor, and is generally a function of the optical
depth 7. This relation (1.38) is reduced to equation (1.20), if we assume the
radiation field is isotropic: f# = §i7/3.

Suitable forms of the Eddington tensor are adopted in each problem and
configuration. For example, in the spherically symmetric case, the diagonal

part of the Eddington tensor is often set as

(7005~ 35005 - 310 (1.39)
where )
f(1) =1 ++377 (1.40)

is a vartable Eddington factor (Tamazawa et al. 1975; see figure D.1). In the
plane-parallel case, on the other hand, we can use f = 1/3, even in the optically

thin regime for a static atmosphere.
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O 1.1: Variable Eddington factors as a function of the optical depth 7. A thick
solid curve denotes a variable Eddington factor (1.40), while a thick dashed one

means a variable Eddington factor (1.46), where R, is read as 77 1.

1.3.2 Flux-Limited Diffusion

The diffusion (Rosseland) approximation implies that in a steady state the

radiation energy is transported by an isotropic diffusion of photons:

C
F=-— E 1.41
Sinn (1.41)

[see equation (1.26)]. This gives the correct flux in an optically thick regime,
where the photon mean-free path of ~ 1/(Rrp) is sufficiently smaller than
the typical scale for the change of E. In an optically thin regime, where the
mean-free path diverges, on the other hand, this flux tends to infinity. Such a
situation, however, is unphysical, since the rate at which radiation transports
energy is finite, even in an optically thin regime. That is, the magnitude of the
flux can be no greater than the radiation energy density times the maximum
transport speed.® Namely, the radiative flux F should be limited in the optically
thin regime in some way, which is the fluz-limited diffusion theory (Levermore
and Pomraning 1981; Pomraning 1983 for a relativistic correction; Melia and
Zylstra 1991 for a scattering medium; Anile and Romano 1992 for a covariant

form; Turner and Stone 2001 for a numerical calculation).

(a) General forms
In the flux-limited diffusion (FLD) theory, we also assume Fick’s law of dif-

fusion for radiation:

P, --vp, (1.42)
Kup

where x, = k2" + k5. Here, we introduce the fluz limiter \,(E,), which is
restricted in the range of 0 (thin) < A, < 1/3 (thick). The appropriate form
of this flux limiter is given later.

Using the flux limiter A, , we obtain (Levermore and Pomraning 1981)

B = fJE, (1.43)

In a spherical case the flux is limited as |F| < cE, while it is limited as |F| < cE/2 in a
plane-parallel case.
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where the Eddington tensor f% is expressed as

| | o
1= 3 (1—f,)oY + 3 (3f, = 1)n'n’. (1.44)
In this equation (1.44),
, _ VE,
= 1.45
" T IVE,) (1.45)

is the unit vector in the direction of the radiation energy density gradient, i.e.,
the radiative flux, which is determined by the local radiation field. Further-

more, the Eddington factor f,(E,) is expressed as

fu =M +NR2, (1.46)
where |VE |
y = = 1.4
R "o (1.47)

is the optical depth parameter, since R, ~ 1/7, and is also determined by the
local quantities.

Thus, if we give some appropriate form of A, all relations are fixed by the
local quantities. As a choice of A\, Levermore and Pomraning (1981) proposed

a relation,
24+ R,

Y~ 6+3R, + R’

although many other choices are possible, which preserve causality and are

(1.48)

consistent with the assumption of smoothness in the radiation field.”

In the optically thick limit (R, — 0), we find A\, — 1/3 and f, — 1/3. In
the optically thin limit (R, — o0), on the other hand, we have A\, — 1/R,, and
fo—1-1/R,.

(b) Vertical case

"For example, we quote two of them (Castor 2004):

1 1
Ay = 3 , Ay = — (cothRy——).
3+ Ry R, Ry

For the problem of an accretion disk concentrating to the vertical direction,

the flux-limited diffusion approximation is expressed as

\, OE,
F? = _Z o (1.49)
1
F" =P{? = S(1-f,)B, and P}*=[E,. (1.50)

In the optically thick diffusion limit we have F? = —(¢/3k,p)0FE,/0z and
PI™ = P#¥ = P?* = E,/3, while in the optically thin streaming limit we have
|FZ| = cE,, P" = Pf¥ =0, and P;* = E,. These give correct relations in

the optically thick and thin limits, respectively.

1.4 Matter Coupling

The radiative force exerting on matter per unit mass is, from equation (1.13),
1/10F 09P%* RF
B (T (AT A (1.51)
p\c2 Ot Oxk c
while the net energy transfer rate to matter per unit mass is, from equation

(1.12),
1 (oE o
p \ Ot  OxF

Thus, under the present approximation, the equation of motion and the

) = —j + cR¥SE. (1.52)

energy equation for matter are written as, respectively,

ov 1 o
Y (w- - VY- EF g 1.
En +(v-V)wv Vi pr+ L F (1.53)
0 1

(m%—v-V)e—l—iV'u: ;q+—j+ck%bSE, (1.54)

where v is the velocity, ¢ the gravitational potential, p the pressure, e the in-
ternal energy per unit mass, and ¢+ the (viscous) heating rate per unit volume.
For an ideal gas, the internal energy is expressed as e = [1/(y — 1)](p/p), and

the energy equation (1.54) is rewritten as

1

dp pd . —abs



1.5 Plane-Parallel Expression

For a static atmosphere in the plane-parallel geometry (z), the hydrodynamic
equations and transfer equations become as follows.

For matter, the vertical momentum balance and energy equation are, respec-

tively,
dp dp  kp
—p— — — + —pF 1.56
e s (1.56)
0 = gk —p(j—cRYE), (1.57)

where 1 is the gravitational potential, p the gas pressure, and qj'is the viscous-
heating rate per unit volume. The opacities are assumed to be independent
of the frequency (gray approximation). Under the « prescription, the viscous-
heating rate is proportional to the pressure, and therefore may depend on z.
For radiation, the frequency-integrated transfer equation (1.11), the zeroth

moment equation (1.9), and the first moment equation (1.10) become, respec-

tively,

dl J - _sca €

COSQ% = p (477 — kil + K% 477E> , (1.58)
dF . —abs
=P (j — cR¥*E) , (1.59)
apP 1
- = —pkp, 1.60
7 LPRF (1.60)

where I is the frequency-integrated specific intensity, E the radiation energy
density, F' the vertical component of the radiative flux, P the zz-component of
the radiation stress tensor, and # the polar angle. The mass emissivity j and
opacities are assumed to be independent of the frequency (gray approximation).

Application to standard disks are discussed in subsection 3.2.9.
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[ 2] Radiative Transfer Equations

General

variables [JHK in astronomy

After Kato, S. et al. 2008, “Black-Hole Accretion Disks”

2.1 Radiation Fields

(a) Specific intensity and other quantities

The specific intensity, I,(r,1,t) [erg s ecm~2 sr=! Hz™ ], is the radiation
energy carried off by the rays per unit time, unit area, unit solid angle, and
unit frequency. By integrating the specific intensity over the frequency dv, we

obtain the total intensity I(r,l,t) as

1:/ ILdv. (2.1)
0

Integrating the specific intensity I,,, multiplied by the direction cosine vector
1, over a solid angle d) (and frequency), we obtain quantities describing the

radiation fields and their frequency-integrated forms, as follows:

_ 1 _
Jl/ = Ef]de, J = f,]le/7
_ 1 _
H, = yirs f],,ldQ, H = fHVdV7 (2.2)
ij — 1 i7j ij  — ij
Ky = Ir fIVl 17dSQ, KY = fKVJdZ/,

where J,, is the mean intensity, H, the Eddington flur, and K% the K-integral

(in plane-parallel).

2.2 Equations of Radiative Transfer

We first derive the basic equations describing the behavior of the radiation

fields interacting with matter.

2.2.1 Transfer Equation

A change in the specific intensity is expressed by the transfer equation, which
is equivalent to the Boltzmann equation for matter.
1,1
g

the mass absorption coeflicient (i.e., absorption cross-section per unit mass) «,,

By means of the mass emissivity (i.e., emissivity per unit mass) j, [ergs™

[em? ¢g71] (= kK, +0,, where £, is for the true absorption and o, for scattering),

the transfer equation is expressed as

105, (1)
c Ot

—pa, / 6o (LU, (1A + po, / 6o (L)L, (1)d<Y, (23)

1
+ (l : V) Iu(l) = Epju - pli,,[,,(l)

where ¢, (1,1") is the scattering probability function ([ ¢,d2 = 1).
If the scattering is isotropic, ¢, = 1/4m and the transfer equation (??) be-

comes
101,

c ot
This equation is an integro-differential equation on I,,, and generally too diffi-

1
+1-V)I, = Epjy—p(/qu—kau)lu—kpayjy. (2.4)

cult to obtain precise solutions.

2.2.2 Moment Equations

We often take moments of the transfer equation, since it has too much infor-

mation to directly solve.! Integrating the transfer equation (2.4) over a solid

LFor matter we usually use the hydrodynamical equations instead of the Boltzmann equa-
tion.

st Hz !



2

angle, we obtain the zeroth moment. Integrating it over a solid angle, after be-
ing multiplied by the direction cosine, we obtain the first moment. The zeroth

and first moments of equation (2.4) are, respectively,

8J, OHF ju

ot Tk P <4w - "w’”) ! (25)
oI OK .

Cat axk = _p(K’V + O-V)HIJ' (2'6)

The former corresponds to the energy conservation of radiation with the en-
ergy exchange with matter, whereas the latter corresponds to the momentum
conservation of radiation with the momentum loss to matter.

Moreover, integrating equations (2.4), (2.5), and (2.6) over the frequency, we

obtain a frequency-integrated transfer equation and its moment equations:

101 j
24 (1- I = < — Rl +5 2.
03t+( V) '0<47r Rr —|—UJJ>, (2.7)
oJ O0HF j
ST 2.
cot + Oxk p (47r KJJ) ’ (2.8)
OH' QK™ ~
= —p(k+5)nH" 2.
cot + Oxk plE+ o), (2.9)
where
j = /j,,dy, (2.10)
_ 1
R = f/(f@',j—i-ay)lydu, (2.11)
1
Ry = j/nl,Jydu, (2.12)
1
oy = j/ayJle/, (2.13)
o _ 1 i
(R+0o)g = E/(m,—i—al,) H}dv. (2.14)

2.2.3 Closure Relation (Eddington Approximation)

s
K =, (2.15)

2.2.4 Source Function

When the transfer equation (2.4) is expressed as

101,
c Ot

+ (- V)L, =p(s+0,) (S — 1), (2.16)

the source function S, is introduced as

Jv
= — . 2.1
S, (M - UVJ,,> (2.17)

In the case of the local thermodynamic equilibrium (LTE), the source func-

tion (2.17) becomes

1
S, = (kwBy +0,J,)

Ky + 0y

= B, +(1—-¢,)J, (2.18)
where
Ry

= 2.19
e (2.19)

is the photon destruction probability (¢, =1 — A,).
In terms of this source function, for example, equation (2.4) and (2.5), and

(2.6) with the Eddington approximation (2.15) are, respectively, reexpressed

as
%aalt“r(l'v”" = plr+0,) (S — 1), (2.20)
22: %Zf = plru+0,)(Sy—J), (2.21)
(?:Iat[tz %gﬁ = —plkv +0,)H,. (2.22)



