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Boltzmann equation

1. RHD  Fyndamental Equation@
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I : position
v : velocity

{:time
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[, (r,l,¢,v):radiation mtensity

I : position

I : direction cosine

t :time
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Moment Formalism pnysics aé
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" Moment quantities i
for matter
frequency-integrated
density radiationenergydensity
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bulk velocity radiative flux
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pressure stress tensor radiation stresstensor
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Moment equations

(0

for matter
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Kik

Fq

frequency -integrated

0Oth moment

oJ OH*
+ k

cot Ox
Ist moment
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Closure Relation 1 @

Eddington approximation
radiation fields = isotropic
5ik

3

Diffusionapproximation

p* E

radiation fields = 1sotropic
+ optically thick
c OP* 3 c OF

F'=-— — == .
Kpp OX 3K,p Ox'
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" Rosseland (Diffusion) Approximation
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" Rosseland (Diffusion) Approximation
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Figure 2.6: HI bound-free extinction coefficient o' per hydrogen atom in level n (here written as )
against wavelength. The Lyman, Balmer, Paschen, Brackett and Pfund edges are marked by the quantum
number n of the ionizing level. Their amplitudes increase with n a11cl hme not been added up in this

the 11} drogen and hellum bound free and free free extlnctlon f01 the actual mix of partlcles in three Stellal
atmo'spheres The total extinctlon f10111 all contlnuous processes is sho\h n for a grid of stellar atmospheres
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Figure 11.5

Comparison of the total opacity due to several of the processes discussed in the text. The
hydrogen curve shows the cross section for photoionization of hydrogen as discussed in
Chapter 2. The curve marked “heavy element photoelectric™ includes all opacities that remove
electrons from a moderately ionized gas. Inner-shell processes cause the edges between 100
and 10,000 eV. The increase at higher energies is caused by Compton-recoil ionization. The
electron scattering cross section is at the Thomson value for low-photon energies, and goes
over to the Klein—Nishina relativistic limit at high-photon energies. The cross section for pair
production is also shown.
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" Rosseland (Diffusion) Approximation
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Eddington Approximation
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Radiative Diffusion Equation

e TTAVEVIEBITE, o AARTRDEEEE:
(BDAWEIS,) DAHDI B, (1,) &Ephoton

ICTFED D destruction probability
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Eddington @pproxnnatlon

Closure relation
for matter

@

Fluid approximation

mean free path <<systemscale

random velocity = isotropic

. . Eddington approximation
pressure = 1sotropic

radiation fields = isotropic

EOSp:p(IO,T) Pik_5lkE
p=(—Dpe 3
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Eddington Factor

o

D Eddington factor in an optically thin regime

o plane-parall
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plane - parallel
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cP = g 2 0.8 spherical
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1. RHD  Closure Relation 2

CD L
in optically thick to thin regimes
| 1
Variable Eddington factor |amazawa . .
I et al. 1975 EHT T ERE
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Flux —limiteddiffusion Levermore and 08 _
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Closure Relation 2

o)

in optically thick to thin regimes

Variable Eddington factor

Pik — fikE;

i _ 1
/ —(f@%z 2f1

l+7
S (D)= 1+37

Flux —limiteddiffusion
c OF

Koo Ox'
2+R

T 6+3R+ R2

A+
7515

Fl=_}

/=

/8/17

Tamazawa

5

)

¢

OK: Physically correct in the limited cases

of =0 and infinity.

NG: Quantitatively incorrect in the region

around tau=1.

Levermore and 0.2

[ solid ciuve: our case replaced ]

by B~1/(1+<)
dashed curve: Tamazawa-VEF

D

o) (

OK: Vector form

convenient for numerical simulations

NG: Diffusion type

cannot apply to an optically thin regime

causality problem
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Radiative Equilibrium (RE)
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heating2
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Tc =3E6;p. = 8.67el2 -> 8.65275¢e12

Teff = 1.53e6 -> 1.40e6; H=0.103 -> 0.140

E/ 10! f______lr - l_=_ | I = Pgas Prad
5 T
F 10° B

0-2

1 | I I |
oo 10° 10* 10" 10° 10" 10°
Sy T




e Hubenyb HWNA WAL —RZfELNTLNS

o slim/supercritical disk
o relativistic equation of state
& wave

e stability

& viscous law
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Moment Formalism

D

Moment equations (M) = gy (/) =0 (853)
for matter

@ continuity

& T 1 i 6P !OCE ]' als SCa
= m(y‘ uu‘)(rlrﬁ f+pg(h”b + k5°%)
& momentum R
X [Fﬁ, + 02 v’ (v Fn)]
& Cnergy
2 _ _ 9 2
In the comoving frame = :_ > (¢'F — u'uh) @; Epi pg (kP + K5)
cE, = jIOdQO,FO’ — I[OZ(’)dQO, y [Fa' C 2By g P (21: -2F L ij)] ‘
C c=
cP)' = [ 1,filsd© (E.57)
In theinertialframe c 8 | ( 2) ] : N
. _ V=g le —pc)ut| +c - (V—gu”
cE = [1dQ,F' = [ 1I'dQ, V=g dxt x/ dv”
A . . = —p(jo — ki Ep)

ik i1k
> cP* = j IO sy (0 4 ooy pais 20 F | s i |
‘“f 2019/8/17 = 7P (_,}_'l":“u E— — =P ) (E.60)




2. RRHD Transfer Equation

E.2.1 Transfer Equation

As in the case of a non-relativistic regime (appendix D}, a change in
the specific intensity 1s expressed by the transfer equation, although it
should be written down in a Lorentz-imnvariant form.

By means of the Lorentz invariant f (= I,/v3® = I,0/v3), we can
write the transfer equation of the form (Hsieh and Spiegel 1976):

E‘i{‘! = ,0 (1‘.}; — I'!?f} phfﬁlﬂf @y{f,l)f(l)yidy’dﬂf

+pmfﬂf@V[I,I’}f{t’]y’dy’dﬁ’, (E.33)

Furthermore, replacing f by I, (or 1,q), we finally obtain the {angle-
dependent) radiative transfer equation:

131, [ 2
;a*‘“‘v]ﬂx—(ﬂ—u) P

I 3 c -
[*’”” (k35 + R2) Lo + 3155 1= (Evo + loilos P! )] (E.37)
DU




2. RRHD Transfer Equation

Integrating the transfer equation (E.37) over the frequency, with
the help of the Lorentz transformation (E.14) [dv = (dv/dvy)dvy =
(v/vo)dvy = 4(1 4 v - ly/e)drp], we obtain a frequency-integrated angle-
dependent transfer equation:

1al
c Ot

3
+(1-V)I=py° (1+"'I”)
[

3 ;
[ — (k3 R I + SR (Eﬂ+fmzu_,P?)]1 (E.38)

IE[L,@TL*, Iy Effyﬂdyﬂ1 (E.39)

Eo = f E,odvy, P = f P dvy, (E.40)

where

Jo = ijudff’m KE + KY = — f (K20° + K55") Lodve. (E.A41)

L R 4
o
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2. RRHD Moment Formalism @

@

In the comoving frame

CEy = [1,dQ, Fy = [ 11idQy,cP) = [ Ilil5dQ

o Oth moment In theinertialframe

s 15 moment cE = [1dQ,F' = [ 1'dQ,cP™ = [ II'l"dQ

E;—‘f L VF = py (;n kB g gabs LT EF)

2 N 02 _
—|—p"3ﬁ%':a [Uf E + mpﬁj — (1_|_U—q) v F] , [E44}

C ce C

— = + — N _h_'ibst_I_H:abst, P;Fs:
c? Ot Dk ¢ J0

. 2v-F
.\H/' ppf Ec*t [FI—’}"'E'I lkpz.i -|-"J‘r’1 (t’ Uj iﬁpji ]

1 9F"  9P*  py (?ﬁ _ )

s c
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Moment Formalism

@ 4
Iy = (%)4 = [T (1 _ ”TI)‘ 1. (E.25)

equation (E.25) over a solid angle, we obtain the trans-

:
H

¥

G
=
iy
(1

. e i ; A
0™ momer Eo =1" (E — 27+ P ") (E.26)

lst Multiplying equation (E.25) by I, and integrating the resultant equa-
momer . . | - i
tion over a solid angle, we have the transformation rule of F*:

: ; —1 - F —1
e e [(r2 122) SF o ] ).
v2/e C w2 /f (.27
27

Multiplying equation (E.25) by Iéfﬂ and imntegrating the resultant e-
quation over a solid angle, we have the transformation rule of P*:

y v—1 (Vv o viup e
Py = PY+ 2/{*3((:3 P+ 2 P?L)

3 . = . . -
v =1\ vl vpu,, P 5 00
+ | — +7"—
C

2

2019/8/17 — (E.28)
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2. RRHD Moment Formalism @
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2. RRHD  (Closure Relation 1 @

D

Usual

&

In the comoving frame

Eddington approximation

ik
Pi=°_E,
3
Diffusionapproximation
g C 8PCZ‘__ c OE,

(¢{0)

K,p X 3ikc,p X'
Flux - limiteddiffusion

; c OF,
N FZ:o =—4
8x
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2. RRHD  Closure Relation 1

- @
Usual
: | s ITFAVIUETF )
In the comoving frame (5
Eddington approximation Isotropic assumption may break down
S in the relativistic regime
Pc’f —F_ even in the comoving frame.
3 8
o 3 3 3 T XIII, XITF ~
Diffusionapproximation | S T, D
= Kpp OX ¢ 3k, | Diffusion assumption may break down
Flux - limiteddiffusion in the optically thin and/or relativistic regimes
5 even in the comoving frame.
: ¢ OF_ 4
N Fco =-A
p Ox' T
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Jdu v F(1+4u?) —4ePyu  w2=12

c] — = ——

dr c 1 — 2u? " B or

of B2=1/3
2 2 df _F(1—|—362)—4CP6 T4 =0 !

dr 1 — 352 j
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Relativistic Formal Solutions of

Relativistic Radiative Transter Equation in
Relativistic Plane-Parallel Flows
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Fukue 2014, 2015

o EW . — RITFITFRA
o 377 ENEL

dl 1 70

I— = pp— - — (kg +09)lo+00Jol. (1)

/ - {Dﬁg(l_.ﬁ,ﬂ)g L?T (#o 0) Io 0 0} -
Io=~*1-pBp)*l. (2)
& %*ﬁ vo =~(1—Bp)ro, (3)
Ho = f l__; (4)
Jo=7%(J —2BH + 3*’K). (5)
Ho=~*[(1+8*)H—-B(J+K)]. (6)
Ko=+"(8*J—28H+K). (7)

1 In addition, the Eddington factor f is defined as
o

Z, K
‘“f 2019/8 JE}—S- (8)
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4;£“ (::T(inm;kiﬁz*gs 525%)

dr = — (ko + 00) pod=, (9)
e A1 -BwtI-S ] . 10
Har 31— Bp)3 [ a 2 0 (10)
Here
y Jo 1 g0 L
Sy = ], 11
R Ko + 00 N ko + 00 ’ (11)
So =c0Bo + (1 —£0)Jo, (12)
where
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(’ J@ 4?TH(_]
\ \ dT v2

1

= J
71— Bp)?

e Cycle 0 IC: B(r), Hy(r) @ /NTFA—H

e Cycle 1A radiation /
@ Cycle 1B velocity 3

Cycle 2 to L. repeat o
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dI  ~(1—Bp) 1 1

— = —— =50.
dr H 13 (1= Bp)’ ’
1 T T
X = exp (/ ~vdt + / 4 3{{1‘).
. ._

d , .. 1 X
B (}L I) —_— 3 C‘JD
dr i3 (1 — )
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T —G(t)/u+U(t)

gﬂmm%mgp:_/

t
G(t) = / ~(t)dt',

3 (1 — B3
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A8 > 5 A T2 =X A7 u

wf
o] Integrating from 7, to 7. we formally have the upward
intensity I (7, > 0) as

I+(T?ﬁ_):E_.—C;(Tb);;_.G(T)+L’T( ) =U(T )I+(

C;(f) ; G(T)+ U(ﬂ _ C}r(,.r)

/Tb E’._ ] .
| | Sodt(22)
. py? (1= B’

whereas 1ntegrating from 0 to 7, we have the downward
intensity 1= (7, <0) as

Th. )

_G(r)—=G(t) U(r)—=U(t)]

B T e (_!u) ) .
I (1,p) = /D T [1+ i . Sodt. (23) f
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Impact Parameter Method @
Tangent Ray Method

» Hummer and Rybicki 1971
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A8 ot 5 O8R5 Bk A FE X (2
o TEH. BT, FHHEL

OI*(p, z) (Ko +00)po [_4 4+
+ - = —— — (v (1=08-1)"17=5y|. (8
o= ’}«’3(1 _ /8 _ l)g |: / ( /8 ) 0:| , ( )
where |
L=~'(1-08-1)"1,
7 1 o
0 (r) — J0 + L Jo B-lzi,(i(r)cos@z:l:ﬁ(r)%

A1 Ko + 09 Ko + 00
Jo=~"(J—28H + B°K).

So = c0Bo + (1 —<0)Jo, Ho=~"[(1+3°)H - B(J+K)].
Ko=~"(8*J —28H+K).
g0 = Ko/ (ko + 00) _ Ko
- Jo
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I (p,2) = G (p.2:) —G(p,z) —U(p,2:) +U(p,2) (p, 2)

= G(p,¢)—G(p,z) = U(p.Q) + U(p.=)
—I—/ ‘_ ¢ 3
J " (1-57)

X (ko + 00) poSodc, (17)

where z, = v/ R? — p? if the luminous core exists. On the other
)

hand, integrating from zout (= \/ Rz .. — p?) to z, we have the
downward intensity /= (p, z) as

) = [G(p.z) = G(p. Q]+ [U(p,z) = U(p.Q)]
I (p,z):—/

3 %
.\“/' v Zout ,.7 (1 + /8;)
‘“‘J’” X (ko + 00)poSodc, (18)
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e Cycle 1A radiation /
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Relativistic Radiation Hydrodynamics

6 Open Problems
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